The case of positive characteristic p has been recently investigated by La Scala and Zubkov in [3] . They formulated two conjectures describing generators of polynomial invariants of the adjoint action of the general linear supergroup GL(m|n) and generators of A s , respectively. In the present paper we prove both conjectures.
Introduction and notation
Let K be an algebraically closed field K of positive characteristic p = 2. The following notation is related to general linear supergroup G = GL(m|n). Let K[c ij ] be a commutative superalgebra freely generated by elements c ij for 1 ≤ i, j ≤ m + n, where c ij is even if either 1 ≤ i, j ≤ m or m + 1 ≤ i, j ≤ m + n, and c ij is odd otherwise. Denote by C the generic matrix (c ij ) 1≤i,j≤m+n and write C as a block matrix C 00 C 01 C 10 C 11 , where entries of C 00 and C 11 are even and entries of C 01 and C 10 are odd. The localization of K[c ij ] by elements det(C 00 ) and det(C 11 ) is the coordinate superalgebra K[G] of the general linear supergroup G = GL(m|n). The general linear supergroup G = GL(m|n) is a group functor from the category SAlg K of commutative superalgebras over K to the category of groups, represented by its coordinate ring K [G] , that is G(A) = Hom SAlg K (K[G], A) for A ∈ SAlg K . Here, for g ∈ G(A) and f ∈ K[G] we define f (g) = g(f ). Denote by Ber(C) = det(C 00 − C 01 C −1 11 C 10 )det(C 11 ) −1 the Berezinian element.
Let T be the standard maximal torus in G and X(T ) be a set of characters. Let V be a G-supermodule with weight decomposition V = ⊕ λ∈X(T ) V λ , where λ = (λ 1 , . . . , λ m+n ) and each V λ splits into a sum of its even subspace (V λ ) 0 and odd subspace (V λ ) 1 If V is a G-supermodule with a homogeneous basis {v 1 , . . . , v a , v a+1 , . . . , v a+b } such that v i is even for 1 ≤ i ≤ a and v i is odd for a+1 ≤ i ≤ a+b, and the image ρ V (v i ) of a basis element v i under a comultiplication
Let E be a standard G-supermodule given by basis elements e 1 , . . . , e m that are even and e m+1 , . . . , e m+n that are odd and by comultiplication ρ E (e i ) = 1≤j≤m+n e j ⊗ c ji . Denote by Λ r (E) the r-th exterior power of E and by C r the supertrace of Λ r (E). The algebra R of invariants with respect to adjoint action of G is a set of functions
and any commutative supergalgebra A over K. The algebra R pol of polynomial invariants is a subalgebra of R consisting of polynomial functions.
As in the characteristic zero case, the description of polynomial invariants R pol can be reduced to that of the algebra A s of supersymmetric polynomials. The algebra A s consists of polynomials f (x|y) = f (x 1 , . . . , x m , y 1 , . . . y n ) that are symmetric in variables x 1 , . . . x m and y 1 , . . . , y n separately and such that d dT f (x|y) x 1 =y 1 =T = 0. The main tool for this reduction is the Chevalley epimorphism φ :
n ], and φ(c ij ) = δ ij x i for 1 ≤ i ≤ m and φ(c ij ) = δ ij y i−m for m + 1 ≤ i ≤ m + n. Then for any G-supermodule V we have φ(T r(V )) = χ sup (V ). In particular, for 0 ≤ r we have
where σ i is the i-th elementary symmetric function and p j is the j-th complete symmetric function.
is called p-balanced if p|(λ i + λ j ) whenever 1 ≤ i ≤ m < j ≤ m + n and a λ = 0. Denote by A s (p) the subalgebra of A s generated by p-balanced polynomials.
The following theorem is the main result of this paper. 
As a consequence of previous theorem we obtain that these are generators of algebra R pol . Theorem 2. (Conjecture 5.1 of [3] ) The algebra R pol is generated by elements
Proof. Theorem 5.2 of [3] states that the restriction of φ on R is a monomorphism. It was also noticed there that φ(R pol ) ⊂ A s which is a consequence of arguments analogous to Theorem 1.1 of [1] . Proposition 5.1 of [3] states that
, the statement follows from Theorem 1.
Proof. If f ∈ R, then its multiple by a sufficiently large power of σ m (C 00 ) p σ n (C 11 ) p is a polynomial invariant.
Nice supersymmetric polynomials
In this section we will compare algebras corresponding to different values of m, n and apply the Schur functor. Therefore we adjust the notation slightly to reflect the dependence on m, n. For example, we will write R(m|n) instead of R and A s (m|n) instead of A s .
Denote by A ns (m|n) the algebra of "nice" supersymmetric polynomials. It is a subalgebra of A s (m|n) generated by polynomials
Since φ(C r (m|n)) = c r (m|n), using Proposition 5.1 of [3] we conclude that A ns (m|n) ⊂ φ(R pol (m|n)).
We will see below that this inclusion is actually an equality. Denote by A ns (m|n, t) the homogeneous component of A ns (m|n) of degree t. For any integers M ≥ m, N ≥ n there is a graded superalgebra mor-
. . , x m , y 1 , . . . , y n ] that maps x i → x i for i ≤ m, y j → y j for j ≤ n and the remaining generators x i , y j to zero. Clearly p e restricts to a map from A s (M|N) into A s (m|n). Lemma 1.1. The map p e takes A ns (M|N) to A ns (m|n).
and p e (c r (M, N)) = 0 otherwise, and p e (u k (M|N)) = 0.
For the integers M ≥ m, N ≥ n consider the Schur superalgebra S(M|N, r) and its idempotent e = µ ξ µ , where the sum runs over all weights µ for which µ i = 0 whenever m < i ≤ M or M + n < i ≤ M + N. Then S(m|n, r) ≃ eS(M|N, r)e and there is a natural Schur functor S(M|N, r) − mod → S(m|n, r) − mod given by V → eV . If V is a S(M|N, r)-supermodule, then eV is a supersubspace of V and therefore, eV has the canonical S(m|n, r)-supermodule structure. Lemma 1.2. The map p e induces an epimorphism of graded algebras
Proof. Applying the Chevalley map φ to the collection of simple polynomial G-supermodules L and using Theorem 5.3 of [3] we obtain that the algebra φ(R pol ) is spanned by the supercharacters χ sup (L). If λ is a highest weight of L, then χ sup (L) is a homogeneous polynomial of degree r = |λ| = 1≤i≤m+n λ i . By the standard property of a Schur functor there is a simple
, the claim follows.
Proof. Fix a homogeneous element f ∈ φ(R pol (m|n)) of degree r and choose M ≥ m strictly greater than r. By Lemma 1.2 there is a homogeneous polynomial f ′ ∈ φ(R pol (M|n)) of degree r such that p e (f ′ ) = f . Using Chevalley map and applying Theorem 5.3 of [3] to the collection of costandard polynomial modules ∇(µ) we obtain that f ′ is a linear combination of supercharacters χ sup (∇(µ)), where µ runs over polynomial dominant weights with |µ| = r.
The assumption M > r, Theorem 5.4 and Proposition 5.6 of [2] imply that for the highest weight µ = (µ + |µ − ) we have µ − = pµ and ∇(µ) ≃ ∇(µ + |0) ⊗ F (∇(µ)), where F is the Frobenius map and ∇(µ) is the costandard GL(n)-module with the highest weight µ. Therefore
Since χ(∇(µ)) p is a polynomial in σ j (y, n) p , all that remains to show is that χ sup (∇(µ + |0)) belongs to A ns (M|n) and use Lemma 1.1.
By Theorem 6.6 of [2] the character χ sup (∇(π|0)) for a polynomial weight π does not depend on the characteristic of the ground field. Therefore we can temporarily assume that charK = 0. In this case the category S(M|n, r) − mod is semisimple and its simple modules are ∇(λ), where λ runs over (M|n)-hook weights.
An exterior power Λ t (E(M|n)) for t ≤ M has a unique maximal weight (1 t |0). Consequently, a S(M|n, r)-
has the unique maximal weight (π|0) and supercharacter
with κ < (π|0). Since κ is a polynomial weight, it implies that κ = (κ + |0) and κ + < π. Using induction on π we derive that χ sup (∇(π|0)) is a polynomial in c 1 , . . . , c M hence it belongs to A ns (M|n). Corollary 1.1. The morphism p e maps A ns (M|N, t) onto A ns (m|n, t).
Proof of Theorem 1
We will need the following crucial observation. p , σ n (y, n) p and u k (m|n) which belongs to A ns (m|n). In fact, since a > 0, we have that f is divisible either by σ m (x, m) p or by some u k (m|n).
Proof of Theorem 1. Using Proposition 5.1 of [3] the statement of the theorem is equivalent to the equality A s (m|n) = A ns (m|n).
Fix n and assume that m is minimal such that there exists a polynomial f ∈ A s (m|n) \ A ns (m|n) and choose f such that it is homogeneous and of the minimal degree. Then its reduction f | xm=0 ∈ A ns (m−1|n) is a nonzero polynomial h(c t (m−1|n),
p , σ j (y, n) p and u k (m − 1, n) where t ≥ 0, 1 ≤ i ≤ m − 1, 1 ≤ j ≤ n and 0 < k < p. By Corollary 1.1 there are elements v k ∈ A ns (m|n) of degree mk
) satisfies l| xm=0 = 0. Since the degree of l does not exceed the degree of f , l ∈ A s (m|n) and x m divides l, Lemma 2.1 implies that l = l 0 l 1 , where l 0 ∈ A ns (m|n) and the degree of l 1 is strictly less than the degree of f . But l 1 ∈ A s (m|n) \ A ns (m|n) which is a contradiction with our choice of f .
Elementary proof of Theorem 1
A closer look at the proof of Theorem 1 reveals that Corollary 1.1 is the only result from Section 1 that was used in it. Actually, only the following weaker statement was required in the proof of Theorem 1.
In this section we give a constructive elementary proof of Proposition 3.1 that bypasses a use of the Schur functor and results about costandard modules derived in [2] .
Fix 0 < k < p and denote
will be used repeatedly.
A symbol ∆ will denote a nondecreasing sequence (i 1 ≤ . . . ≤ i t ) of natural numbers, where 0 ≤ t < s. We denote ||∆|| = t and |∆| = respectively. Denote
for 0 ≤ ||∆|| = t ≤ M and 0 ≤ j < N, and (∆, l) M,N = 0 otherwise;
for 0 ≤ ||∆|| = t < M and 0 ≤ j ≤ N and any l, and {∆, l, j} M,N = 0 otherwise.
For
For simplicity write (∆, j), [∆, j] and {∆, l, j} short for (∆, j) m−1,n−1 , [∆, j] m−1,n−1 and {∆, l, j} m−1,n−1 .
Proof. The first relation follows from
. . . y p−k n−j ) and definitions of (∆, j), [∆, j] and {∆, l, j}. Second relations follows from
and definitions of (∆, j), [∆, j] and {∆, l, j}.
Let us define w = s−1 l=1
This expression is identical to
s−1 l=1
|∆| (∆, s − 1 − |∆|) m,n obtained by inserting additional terms that are all equal to zero. Then ψ(w) = s−1 l=1
|∆| ψ(∆, s − 1 − |∆|) m,n which by Lemma 3.1 equals
To analyze this expression, denote by C(a) the coefficient corresponding to a term a of ψ(w).
. . . y p−k n−1 ). We can now easily prove Proposition 3.1.
Proof of Proposition 3.1. Since s < p we can take
It is easy to check that v k is homogeneous of degree (m−1)k +(p−k)n. .
Concluding remarks
The proof of Theorem 1 was influenced by Theorem 1 in [4] . Although our proof uses different arguments we would like to remark that an analogue of Theorem 1 of [4] remains valid over arbitrary commutative ring A of any characteristic.
Proposition 4.1. The algebra of polynomials f (x 1 , . . . , x m , y 1 , . . . , y n ) over a commutative ring A, symmetric in variables x 1 , . . . , x m and y 1 , . . . , y n separately and such that f | xm=yn=T does not depend on T is generated by polynomials c r (x|y).
Proof. Proof is a complete analogue of Theorem 1 of [4] . Just replace every appearance of σ (r) m,n by c r (x|y).
Let us comment that if characteristic of A is positive, then condition that f | xm=yn=T does not depend on T is stronger than d dT f | xm=yn=T = 0. Proposition 3.1 of [1] states that, in the case of characteristic zero, the algebra A s is infinitely generated. In the case of positive characteristic we have the following. Proposition 4.2. Algebra A s is finitely generated.
Proof. The algebra A s is contained in B = K[σ i (x|m), σ j (y|n)|1 ≤ i ≤ m, 1 ≤ j ≤ n]. Algebra B is finitely generated over its subalgebra 
